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Intrinsic diffusion coefficients have been calculated for a solid solution binary fcc metal alloy
with vacancies using grand canonical and kinetic Monte Carlo (MC) methods for a variety of
model Hamiltonians. Model Hamiltonians include a kinetically and thermodynamically ideal
case, solute-vacancy attraction and repulsion, and solute-solute attraction and repulsion. These
model Hamiltonians are chosen to have constant average activation energies in order to focus on
contributions from other thermodynamic and kinetic factors. The thermodynamic factor
calculated using MC is compared to a mean-field regular solution model. It is shown that the
mean-field model accurately predicts the thermodynamic factors for each model alloy Hamil-
tonian except for the alloys with a solute-solute interaction and concentration that are in the
spinodal region (as predicted by the regular solution model). The MC determined concentration-
dependent intrinsic diffusion coefficients are compared to values determined from the dilute
five-frequency model and Darken and Manning analytical approximations. The results indicate
that for a solid solution with known average barriers and vacancy concentration, Darken and
Manning approximation-based analytic expressions and mean-field theory can be used to predict
concentration-dependent diffusion coefficients within a factor of approximately three, provided
the system is outside of the spinodal region. The good accuracy of this approximate approach
follows from the fact that the thermodynamic factor is the main contribution to the concen-
tration dependence of the diffusion constants, and that this thermodynamic factor is well
described by mean-field theory.

Keywords diffusion constant, diffusion modeling, metallic alloys,
Monte Carlo simulations, thermodynamic modeling

1. Introduction

Diffusion of atoms, driven by heat, radiation, or other
factors, often results in changes of the mechanical, chem-
ical, and microstructural properties of a material. In order to
understand and predict these changes, it is important to be
able to predict the fluxes with which atoms migrate through
the solid.

A general challenge in modeling diffusion is relating
diffusion constants to atomic scale processes and energetics.
Such relationships can be used to learn about materials from
measured diffusion coefficients, or in reverse, predict
diffusion coefficients from measured or calculated atomic
scale energetics. In this work, we will consider only
vacancy-mediated diffusion through nearest-neighbor hops,
as is known to occur in most metals (Ref 1) However, even
for this well-studied mechanism, a general analytical
relationship between atomic energetics and diffusion con-
stants for concentrated alloys only exists for thermodynami-
cally ideal alloys with hop frequencies that are independent

of the local environment (Ref 3, 24, 25). For realistic alloys,
which exhibit short and long range order and in which the
migration barriers depend on the local environment, diffu-
sion constants must be solved numerically (Ref 2, 9, 13).
When analytical expressions are obtained, they require
severe approximations and often quite complex expressions
(Ref 3) However, in dilute alloys it is possible to make
approximations that allow diffusion constants to be written
as quite accurate and convenient analytical expressions of
atomic energies. As ab initio methods become more widely
accessible, there is increasing interest in applying these
dilute alloy analytical diffusion models, as they can be used
to quickly obtain diffusion coefficients from the ab initio
energetics. However, it is often desirable to extend the dilute
model results to more concentrated systems, if only
approximately. The focus of this paper is to explore the
magnitude and source of errors associated with approxi-
mating concentrated alloy diffusion coefficients with dilute
alloy diffusion coefficient values. Specifically, the changes
in diffusion coefficients with concentration will be exam-
ined for Hamiltonians representing a range of alloy types. In
addition, two approximations that allow diffusion coeffi-
cients in concentrated alloys to be estimated from dilute
diffusion coefficient values (the Darken and Manning
approximations) will be assessed. The approach will be to
compare exact (except for numerical error) intrinsic diffu-
sions coefficients calculated with kinetic and thermody-
namic Monte Carlo (MC) methods to approximate analytical
predictions. Note that the intrinsic diffusion coefficient
(and other types of diffusion coefficients) will be defined
below.
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This work will focus on the dilute alloy model of Lidiard
and LeClaire (Ref 4-6) (often called the ‘‘five-frequency’’
model). The five-frequency model, and its similar multifre-
quency variants, has proven to be a very accurate model for
dilute alloys and has been widely used. However, the five-
frequency model requires two key assumptions. The first
assumption is that the interactions between solute and
vacancy are only nearest-neighbor. This constraint can be
extended (Ref 7, 8) but it will not be the focus of this study
and we will restrict ourselves to nearest-neighbor Hamilto-
nians. The second assumption, at least in the simplest form
of the model, is that two solutes never interact with each
other (it is additionally assumed that vacancies are dilute
and do not interact with each other). This assumption
effectively limits the rigorous application of dilute diffusion
models to solute concentrations of 1-2%. It should be noted
that the assumption of noninteracting solutes can be relaxed
through adding progressively higher order interaction terms
into the model (Ref 6) However, as the five-frequency
formalism is extended to account for solute pair and triplet
interactions, the number of unique jumps that must be
accounted for more than doubles. To increase solute
concentration to an appreciable value would require the
specification of a very large number of hop frequencies. In
this work, we focus on only the case where no solute-solute
interaction is included. Given the approximation of no
solute-solute interaction, it is not clear how quickly the
approximations of the five-frequency model break down
with increasing solute concentration.

The mechanisms by which increasing solute concentra-
tion can alter diffusion constants from dilute solute values in
a solid solution A-B alloy include (here V represents a
vacancy and B the solute):

1. Changes in hopping barriers due to increasing concen-
tration of B atoms.

2. Changes in vacancy formation energies and, conse-
quently, changes in vacancy concentration.

3. Changes in effective B-V binding due to B-B-V
interactions.

4. Changes in hopping paths due to increasingly long
percolating networks of B-type chains.

5. Changes in the thermodynamic factors due to B-B
interactions.

In a complete model, the above contributions must all be
taken into account; however, such a complete model is very
time consuming to construct and requires extensive ab initio
parameterization (Ref 9, 10) It is therefore useful to see, for
a simple solid solution, how significant the above factors
might be in typical alloys, and to what extent their effects
can be ignored. Factor (1) is not considered, as it will clearly
lead to exponential changes in diffusion constants and
therefore cannot be approximated as small unless the
changes in the barriers are small. Second, factor (2) is not
considered explicitly, and all diffusion coefficients are
normalized by the vacancy concentration. The exclusion
of factors (1) and (2) are not meant to imply that they
are small. They can both clearly have large effects in ways
that are easy to understand. Any quantitative model of

concentrated alloys needs to consider their possible contri-
bution. Therefore, we focus on the additional factors (3-5) in
order to understand the importance of these more subtle
contributions.

To explore the effects of factors (3-5) several ratios of
MC to approximate intrinsic diffusion coefficients will be
calculated. Specifically, we will examine the ratio of the MC
determined coefficients at solute concentration cB to:

1. The five-frequency model determined dilute intrinsic
diffusion coefficient.

2. The intrinsic diffusion coefficient at concentration xB
determined by applying Darken and Manning approxi-
mations to MC determined tracer diffusion coefficients
at concentration xB.

3. The intrinsic diffusion coefficient at concentration xB
determined by applying Darken and Manning approxi-
mations to the five-frequency model determined dilute
intrinsic diffusion coefficient.

The purpose of test (1) is to determine the extent by
which the intrinsic diffusion coefficient varies from the
dilute five-frequency value as solute concentration is
increased. The Darken and Manning approximations allow
one to obtain intrinsic diffusion coefficients at arbitrary
composition from tracer diffusion coefficients. Tests (2) and
(3) apply these approaches, but in two different ways. For
test (2), the tracer diffusion coefficients are determined
exactly (except for numerical error) from MC, which means
that test (2) is essentially just a test of the accuracy of the
Darken and Manning approximations. Test (3) uses the
dilute tracer diffusion coefficient for calculating intrinsic
diffusion coefficients at all cB, and therefore compounds
errors from the changes in composition and from the Darken
or Manning approximations. However, this test (3) assesses
the accuracy of the typical way that intrinsic diffusion
coefficients in concentrated alloys will be obtained from
dilute diffusion models.

2. System Model

The system we have chosen to investigate is an fcc lattice
consisting of A solvent atoms, B solute atoms, and a
vanishingly small number of V vacancies. We allow only
first nearest-neighbor interactions and only first nearest-
neighbor atom-vacancy exchange.

Previous studies of a similar system have been performed
by Allnatt and Allnatt (Ref, 11, 12), but their model
effectively alters the hopping barriers quite significantly
with concentration effects. As mentioned above, this effect
will exponentially change the diffusion coefficients and
makes it difficult to establish the role of factors (3-5) above.
Therefore, we have constructed a different model for the
atomic scale energetics from that used by Allnatt and
Allnatt.

In our model, we attempt to eliminate large changes in
the activation barrier with concentration in order to study the
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subtle changes certain interactions have on diffusion. The
activation energy effects are minimized by using a fixed
kinetically resolved activation barrier, DEKRA (Ref 13),
DEKRA is defined as:

DEKRA ¼ Eact �
1

2
ðEinit þ EfinÞ: ðEq 1Þ

The value of DEKRA is schematically represented in Fig. 1
and is independent of hop direction.

By holding DEKRA fixed, we effectively modify the
energy of the activated state according to the initial and final
states of the hop. This allows the activated state energy to
change based on the hop endpoint energies without
knowledge of activated state interactions. Fixed DEKRA is
a reasonable initial approximation for hopping, as the
activated state energy is likely to be closely correlated with
the initial and final state energies. A similar assumption to
having a fixed DEKRA underlies the Brönsted-Evans-Polanyi
(BEP)-type formalism used in reaction kinetics and the
Butler-Volmer rate equations used in electrochemical kinet-
ics (Ref 14)

Depending on the interactions in the model and the local
environment surrounding the vacancy and hopping atom,
the initial and final states will vary. We determine the
activation barrier by simply solving Eq 1 to get:

Ebarrier ¼ DEKRA �
1

2
Einit þ

1

2
Efin ðEq 2Þ

It is evident from Eq 2 that the activation barriers will
depend to some extent on the local configurations of the
hop’s initial and final states.

A range of different Hamiltonians on a face-centered-
cubic (fcc) lattice have been tested in order to investigate
factors (3-5). The Hamiltonians can be written using cluster
expansion formalism where we include only nearest-neigh-
bor solute and vacancy interactions and use an occupation
basis (Ref 2, 10):

Eð~pÞ ¼
X

ði;jÞ
JBBpi;Bpj;B þ JBVpi;Bpj;V ðEq 3Þ

Here the summation is over unique sets of nearest-neighbor
pairs. The variable pi,I is 1 if the species I occupies site i and
0 otherwise. The solute-vacancy nearest-neighbor interac-
tions are captured in the term JBV, and solute-solute nearest-
neighbor interactions are contained in JBB. Note that no
coupling with species A (the solvent) are included as this is
taken as the reference state.

In all Hamiltonians, the DEKRA is set to 1 eV, a typical
values for fccmetals. First, a kinetically and thermodynamically
ideal simulation was performed as a standard for comparison.
In this case, the solute and solvent have the same activation
barriers and there are no solute-vacancy or solute-solute
interactions.

Factor (3) is investigated by adding a solute-vacancy
nearest-neighbor interaction for both an attractive
(JBV = �30 meV) and repulsive (JBV = +30 meV) interac-
tion. Similarly, factors (4) and (5) are investigated by
implementing an attractive (JBB = �25 meV) and repulsive
(JBB = +25 meV) interaction. The values of �25 meV was
determined so that the simulations temperature of 800 K
was above the transition temperature for phase separation
driven by JBB (the value of JBB = ±25 meV drives ordering
at a significantly lower temperature than the corresponding
phase separating case due to frustration on the fcc lattice).
The transition temperature for phase separation from the fcc
Ising model is (Ref 15, 16):

kTc
ðzJBB=4Þ

¼ 0:84045 ðEq 4Þ

Here, Tc is the transition temperature and z is the number
of nearest neighbors (12 for fcc). Simulations were
performed at 800 K, which yields a maximum JBB
interaction of approximately 27 meV if we wish to remain
in the solid solution phase (stronger interactions would put
our simulation within a miscibility gap for at least some
temperatures). It was our intent not only to choose an
interaction energy that would be above the critical
temperature, but also near it for maximum effect of
short-range-order. While the results presented here are
given in terms of absolute energies and temperatures to aid
in intuition, they can be cast in a unit less form by simply
dividing by kT. For T = 800 K (500 K), this yields DEKRA/
kT = 14.5 (23.2), JBV/kT = ±0.435 (±0.696), JBB/kT =
±0.363 (±0.580).

3. Diffusion Theory

In this section, we define all the terms necessary to
calculate concentration-dependent intrinsic diffusion coeffi-
cients from kinetic and grand canonical MC. We will also
discuss the Darken and Manning approximations. These
approximations provide a useful comparison when examin-
ing concentration-dependent values and will be compared to
the exact (except for numerical error) kMC results.

In the absence of external forces, the fluxes in a binary
crystalline solid can be related to gradients in chemical
potentials according to (Ref 1):

JA ¼ �LAArðlA � lVÞ � LABrðlB � lVÞ ðEq 5Þ

JB ¼ �LBArðlA � lVÞ � LBBrðlB � lVÞ; ðEq 6Þ

where the L’s are phenomenological coefficients and the l’s
are chemical potentials. Most solids at intermediate to high
temperature contain a sufficiently high density of extended

Fig. 1 Kinetically resolved activation barrier
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defects (grain boundaries and dislocations) to regulate an
equilibrium vacancy concentration such that lV = 0 and
dlV = 0 throughout the solid. Using the Gibbs-Duhem
relation:

xAdlA þ xBdlB ¼ 0; ðEq 7Þ

where xi is the mole fraction of species i, it is then possible
to rewrite the flux expressions (5)-(6) in terms of concen-
tration gradients according to (Ref 1, 17):

JA ¼ �DArCA ðEq 8Þ

JB ¼ �DBrCB; ðEq 9Þ

where the intrinsic diffusion coefficients take the form:

DA ¼
~LAA
xA
�

~LAB
xB

� �
xA
kT

dlA

dxA

� �
¼

~LAA
xA
�

~LAB
xB

� �
hA

ðEq 10Þ

DB ¼
~LBB
xB
�

~LBA
xA

� �
xB
kT

dlB

dxB

� �
¼

~LBB
xB
�

~LBA
xA

� �
hB

ðEq 11Þ

and can be viewed as a product of a kinetic factor with a
thermodynamic factor hi defined as:

hi ¼
xi
kT

dli

dxi

� �
ðEq 12Þ

The derivative of the chemical potential with respect to mole
fraction occurs under the constraint that lV = 0 and
dlV = 0. The modified phenomenological coefficients, ~Lij,
appearing in the expressions for the intrinsic diffusion
coefficients are defined in terms of the phenomenological
coefficients Lij of Eq 5 and 6 according to (Ref 17):

~Lij ¼ XkTLij ðEq 13Þ

The phenomenological coefficients Lij are related to fluctu-
ations in atomic positions at equilibrium according to the
following Kubo-Green expression (Ref 17, 18):

Lij ¼
P

1 D~Ri
1ðtÞ

� � P
n D~Rj

nðtÞ
� �D E

2dtMXkT
; ðEq 14Þ

where X is the volume per substitutional site. The D~Ri
1ðtÞ

are vectors linking the end points of the trajectory of atom 1
of specie i after time t, d is the dimension of the lattice, M is
the number of lattice sites, and T is the temperature.

The thermodynamic factors can be written in terms of
second derivatives of the free energy of the solid per
substitutional site, g, and take the form (Ref 17):

hA ¼
xA
kT

dlA

dxA

� �

lV¼0
¼ xAxB

kT

@2g
@x2A

@2g
@x2B
� @2g

@xA@xB

� �

xA
@2g

@xA@xB
þ xB

@2g
@x2B

2
0
B@

1
CA

ðEq 15Þ

hB ¼
xB
kT

dlB

dxB

� �

lV¼0
¼ xAxB

kT

@2g
@x2

A

@2g
@x2B
� @2g

@xA@xB

� �

xA
@2g
@x2

A
þ xB

@2g
@xA@xB

2
0

B@

1

CA

ðEq 16Þ

For a regular solution, g can be written as (Ref 19):

gðxA; xBÞ ¼ xAxBWAB þ xBxVWBV þ xVxAWVA

þ kT xA ln xA þ xB ln xB þ xV ln xV½ � (Eq 17)

Here, xV ¼ 1� xA � xB due to conservation of lattice sites.
The W’s can be expressed in terms of the J’s in Eq 3 by
noting that Eq 17 is obtained from a cluster expansion
Hamiltonian by a mean-field averaging that ignores all but
single-site correlations. With that approximation and invok-
ing the relation x1 ¼ p1h i for any given site (where the
brackets denote a thermal average), it can be shown that
WAB ¼ �6JBB and WBV ¼ 6JBV � 6JBB. Additional terms
zeroth or first order in xB or xV are necessary to make the
mean-field average of the Hamiltonians in Eq 17 and the
mean-field average of Eq 3 equivalent, but these terms play
no role in the kinetics and will not be discussed further here.

The derivatives of the chemical potentials appearing in
the thermodynamic factors can be written using terms from
the regular solution model:

dlA

dxA

� �
¼ xB

1�xB
xAxV

� �
�2WBV

kT þ 1�xA
xBxV

� �
� WAB�WBV

kT þ 1
xV

� �2

xA
WAB�WBV

kT þ 1
xV

� �
þ xB

�2WBV

kT þ 1�xA
xBxV

� �

0

B@

1

CA

ðEq 18Þ

dlB

dxB

� �
¼ xA

1�xB
xAxV

� �
�2WBV

kT þ 1�xA
xBxV

� �
� WAB�WBV

kT þ 1
xV

� �2

xA
1�xB
xAxV

� �
þ xB

WAB�WBV

kT þ 1
xV

� �

0
B@

1
CA

ðEq 19Þ

The second derivatives of the free energy can also be
calculated using grand canonical MC by expressing the free
energy in terms of the variances in the number of A and B
atoms in the system (Ref 17).

The intrinsic diffusion Eq 10 and 11 contain thermody-
namic and kinetic quantities. The thermodynamic contribu-
tions are captured in the thermodynamic factor as defined in
Eq 12, while the kinetic contributions are captured in the
phenomenological coefficients. We will use this division
into thermodynamic and kinetic terms to determine which
contributions are dominating the changes in the diffusion
coefficients in the test cases discussed in this work.

We have now defined all the quantities necessary to
determine concentration-dependent intrinsic diffusion coef-
ficients. It is useful to compare these quantities with
approximations that relate the concentration-dependent
values to dilute theory values determined using the five-
frequency model framework.

Darken and Manning approximations allow one to use
tracer diffusion coefficients to determine intrinsic diffusion
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coefficients and phenomenological coefficients, respec-
tively. In dilute alloys, the tracer diffusion coefficients can
be analytically determined. The self-diffusion coefficient is
a tracer diffusion coefficient for pure solvent and is written
(Ref 6):

D�Að0Þ ¼ a2vAxVfo exp
�EA

kT

� �
: ðEq 20Þ

Here a is the lattice parameter, fo is the correlation factor,
and EA is the activation energy. The correlation factor
accounts for the solvent hop paths deviating from random
walk behavior. For a completely random walker, the
correlation factor is unity. The correlation factor is 0.7815
for fcc crystals (Ref 6). The solute tracer diffusion
coefficient can be determined by:

D�Bð0Þ ¼ a2vBxVfB exp
�EB � Ebind

kT

� �
ðEq 21Þ

The Ebind term represents the vacancy-solute binding energy
and EB is the activation energy for species B. The solute
correlation factor, fB, is defined as (Ref 6):

fB ¼
2w1 þ w3F

w4

w0

� �

2w1 þ 2w2 þ w3F
w4

w0

� � ðEq 22Þ

The w terms are hop frequencies and are defined within the
five-frequency model and F is a known function (Ref 6).

At non-dilute concentrations, the tracer diffusion coeffi-
cients can be calculated in kinetic Monte Carlo simulations
using the well-known expression (Ref 20):

D�i ¼
D~Ri
� �2D E

2dt
ðEq 23Þ

Here D~Ri is the vector linking the displacement of atom
i after time t. The Darken approximation can be used to
relate the tracer diffusion coefficient to the intrinsic
diffusion coefficient by neglecting cross terms that correlate
the trajectories of different types of diffusing particles
(Ref 17, 21):

DDarken
i ¼ D�i

xi
kT

dli

dxi

� �
ðEq 24Þ

The Manning relations can be used to relate the tracer
diffusion coefficients to the phenomenological coefficients
in a concentrated alloy and can be written as (Ref 3):

Lii ¼
ciD�i
kT

� �
1þ 1� foð Þ

fo

ciD�iP
m cmD�m

� �
ðEq 25Þ

Lij ¼ Lji ¼
ð1� foÞ

fo

cicjD�i D
�
j

kT
P

m cmD�m
ðEq 26Þ

Here, ci is the concentration per unit volume of species i.
Equation 24, and Eq 25 and 26 (combined with Eq 10-11)
allow intrinsic diffusion coefficients to be obtained from
tracer diffusion coefficients based on the Darken (Di

Darken)

and Manning (Di
Manning) approximations, respectively. The

true intrinsic diffusion coefficients will be compared to these
approximate values in tests (2) and (3) described above.

4. Results

Intrinsic diffusion coefficients are determined by both
thermodynamic and kinetic factors (Eq 10 and 11), and we
will assess the behavior of each with concentration sepa-
rately. Grand canonical MC was performed to determine the
thermodynamic contributions and kinetic MC was used to
determine the kinetic coefficients. Simulations were per-
formed on a 512 atom fcc structure at a temperature of
800 K. Simulations were also performed at 500 K for all
cases except those with solute-solute interactions, as this
temperature is below the miscibility gap and far into the
mean-field spinodal region for these cases.

4.1 Thermodynamic Factors

The thermodynamic factors defined in Eq 12 were
determined using grand canonical MC by evaluating
Eq 15 and 16 (Ref 17) and Eq 18 and 19 for the regular
solution model. The results are plotted versus increasing
solute concentration in Fig. 2 and 3. The approximate

Fig. 2 Solvent thermodynamic factors at T = 800 K

Fig. 3 Solute thermodynamic factors at T = 800 K
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regular solution value obtained from Eq 12, 18, and 19 are
also plotted as continuous lines.

The regular solution model successfully approximates
the behavior of the thermodynamic factors for most cases.
The vacancy interactions have essentially no impact on the
thermodynamics as the vacancy content is very low and the
thermodynamic factors for the two JBV cases are therefore
equal to one. However, the regular solution model for the
solute-solute cases deviates from the MC values between
30% and 40% solute concentration. This discrepancy is due
to choosing a temperature that is near the critical temper-
ature for the interaction energy and is an artifact of the
mean-field approximation. The mean-field approximation
implicit in the regular solution model has a critical
temperature set by kBTc=zJBB ¼ 1 (Ref 16). For the JBB/
kT = ±0.363 value used here the mean-field result is below
the critical temperature, causing the predicted thermody-
namic factor predicted with Monte Carlo to deviate for the
solute-solute cases. The discrepancy is most pronounced in
the spinodal region, which occurs when xB > 0.36.

The regular solution model works well for the interacting
vacancy models because the vacancy concentration is
extremely small. In fact, the value of one for the thermo-
dynamic factor shows that the system behaves as an ideal
solution, which is to be expected. We have also calculated
analogous data to that shown in Fig. 2 and 3 at 500 K
(excluding the cases where JBB „ 0 as they are far in the
spinodal region) and the system continues to behave as an
ideal solution (data not shown).

4.2 Test (1) Results

Test (1) assesses the change in intrinsic diffusion
coefficients with solute concentration by calculating the
ratio of the MC determined coefficients at solute concen-
tration xB to the five-frequency model determined dilute
intrinsic diffusion coefficient. As described in Section 3, the
kinetics contributions of the system are determined using
kMC and Eq 14, and the thermodynamic factors were
determined as in Section 4.1 (grand canonical MC and
Eq 12, 18, and 19). The thermodynamic and kinetic
quantities are combined according to Eq 10 and 11 to
calculate Di. We are interested in the deviation of the Di’s at
higher solute concentrations from their dilute values. To
show these deviations a ratio is taken of the values at higher
concentration to the dilute values. The dilute tracer diffu-
sion coefficients (Di* (dilute)) are determined using five-
frequency formalism and Eq 20-22 (note that this gives the
same result as calculating them directly from MC to within
numerical error). The results are presented in Fig. 4-7.

Examining the plots of Di ratios we find that the ideal
case shows that Di is essentially constant as solute
concentration increases, which is expected, as it has been
previously shown that Di is not concentration dependent in
noninteracting systems (Ref 22, 23)

At 800 K, the largest deviations from the solvent dilute
values occur for the solute-solute (JBB) interaction cases. In
both the attractive and repulsive cases, the deviation follows
the trends observed in the thermodynamic factors, increas-
ing for repulsive interactions and decreasing when the

interactions are attractive. DB also deviates from the dilute
values for the solute-solute cases. It will be demonstrated in
tests (2) and (3) below that the deviations induced by solute-
solute coupling from dilute values for DA and DB are in fact
largely due to the changes in the thermodynamic factor.

Little conclusion can be drawn from the JBV = 30 meV
case, other than the increasing solute concentration only
slightly changes the solvent and solute diffusion coeffi-
cients. For the JBV = �30 meV case, both DA and DB

Fig. 4 DA and dilute DA ratios at T = 800 K

Fig. 5 DB and dilute DB ratios at T = 800 K

Fig. 6 DA and dilute DA ratios at T = 500 K
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decrease as solute concentration is increased. This is most
likely due to the vacancy preferentially exchanging with the
solute. As the solute concentration increases, the size of
solute clusters increases making it more difficult for the
vacancy to hop away from the clusters and retarding
diffusion for both species. As with all the analysis at 500 K
in this paper, the solute-solute interaction cases (JBB „ 0)
are excluded as the system is far into the mean-field
spinodal region at T = 500 K).

4.3 Test (2) Results

Test (2) assesses the accuracy of the Darken and
Manning approximations for predicting intrinsic diffusion
constants from tracer diffusion constants. We can relate the
Di*’s to the Di’s using the Darken and Manning approxi-
mations stated in Eq 24-26. Tests (2) involves ratios of Di’s.
In all cases, whether using the exact MC, Darken, or
Manning expressions, Di is proportional to the thermody-
namic factor. Assuming these thermodynamic factors are
calculated in the same manner they will cancel, and this test
therefore assesses only kinetic properties. Note that this
cancellation of the thermodynamic contribution occurs for
test (3) as well.

In the calculations presented here, kMC and Eq 23 were
used to calculate Di*, which results in a concentration-
dependent tracer diffusion coefficient. Di’s were determined
by the same mechanism as Section 4.2. The results are
analyzed as the ratio of the exact (except for numerical error)
concentration-dependent Di’s and the approximate value
determined using Di

Darken or Di
Manning from MC calculated

Di*’s. It is found that up to xB = 0.5 there are almost no clear
trends or statistically significant deviations from a ratio of
one (data not shown). In general, numerical noise creates
fluctuations of up to about factors of two in the ratios. The
results suggest that the Darken and Manning approximations
are very accurate for the Hamiltonians and temperature
conditions considered here. The Manning approximation
considers cross-correlation terms that are not accounted for
in the Darken approximation. These results indicate that the
kinetic effects of the cross-correlation terms the Manning
approximation captures are small in the cases and compo-
sition range we tested. Previous tests of the Manning

approximation by Allnatt and Allnatt (Ref 11) were per-
formed and indicated that the accuracy of the approximation
for D(ci) decreases as ci goes to 1. Our results do not show a
similar trend because the cross terms (the phenomenological
coefficients LAB) that arise from our Hamiltonian are
orders of magnitude lower than the on-diagonal terms. The
differences between our present results and those of Ref 11
are presumably due to our use of a different type of
Hamiltonian. Specifically, while their use a fixed activated
state energy we are using a fixed kinetically resolved
activation barrier.

4.4 Test (3) Results

Test (3) helps determine if diffusion coefficients calculated
using dilute theories are acceptable to use at increased solute
concentrations. To determine this, we calculated the dilute
Di*’s as in test (1), using the five-frequency formalism and
Eq 20-22. These dilute values were then fixed as theDi*’s for
all concentrations and used with the Darken and Man-
ning approximations to obtain approximate concentration-
dependent diffusion coefficients. Then, ratios of the exact
(except for numerical error) MC calculated concentration-
dependent Di’s and the dilute Di* derived Di

Darken and
Di
Manning values were taken. Note that, as discussed for test

(2), the thermodynamic factors cancel from the ratios being
presented. The results are plotted in Fig. 8-15.

Fig. 7 DB and dilute DB ratios at T = 500 K

Fig. 8 DA and dilute DA
Darken ratios at T = 800 K

Fig. 9 DB and dilute DB
Darken ratios at T = 800 K
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In the solute diffusion coefficient, for the solute-vacancy
binding case (JBV = �30 meV), there is a kinetic effect that
is not captured by the dilute diffusion coefficient. This
effect, which can be seen in Fig. 9, 11, 13, and 15, causes
the true solute diffusion coefficient to be somewhat less than
predicted by either Darken or Manning approximations. The
effect is enhanced at lower temperatures, as can be seen by
comparing Fig. 11 to 9 and 15 to 13.

5. Conclusion

In this paper, a variety of model alloys have been
investigated using grand canonical MC and kinetic MC.
These include a kinetically and thermodynamically ideal
case, cases for attractive and repulsive vacancy-solute
interactions, and cases for attractive and repulsive solute-
solute interactions.

Fig. 10 DA and dilute DA
Darken ratios at T = 500 K

Fig. 11 DB and dilute DB
Darken ratios at T = 500 K

Fig. 12 DA and dilute DA
Manning ratios at T = 800 K

Fig. 13 DB and dilute DB
Manning ratios at T = 800 K

Fig. 14 DA and dilute DA
Manning ratios at T = 500 K

Fig. 15 DB and dilute DB
Manning ratios at T = 500 K
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First, we determined that the regular solution model
expressed in Eq 17 accurately determines the thermody-
namic factors for each model alloy except for the alloys with
a solute-solute interaction inside the spinodal region (as
predicted by the regular solution model).

Test (1) compared concentration-dependent Di’s as
determined by MC and kMC to dilute Di’s determined
using the five-frequency model. As expected, the kinetically
ideal case remains constant (except for numerical noise)
with increasing solute concentration. Increasing solute
concentration only slightly changes the Di’s in the alloys
having B-V interactions. However, both DA and DB deviate
from their dilute values as concentration is increased in the
alloys with solute-solute interactions. This deviation follows
the trends noted in the thermodynamic factors and is due
primarily to changes in the thermodynamics rather than
kinetics. The fact that the thermodynamic factor is the
dominant contribution to changes for the solute-solute
interaction cases is demonstrated more rigorously in test (3).
This test shows that, for solute-solute interaction cases,
when the thermodynamic factor contributions are properly
accounted for the correct DA and DB can be obtained from
dilute values.

Test (2) compared the kMC and MC determined intrinsic
diffusion coefficients, Di’s, and the Darken, Di

Darken, and
Manning, Di

Manning, values calculated using kMC deter-
mined concentration-dependent tracer diffusion coefficients,
Di*’s (Eq 24 for Darken and Eq 25-26 along with Eq 10-11
for Manning). These approximations take into account
thermodynamic changes as the solute concentration is
increased. Both approaches approximate the kinetic contri-
butions (Lij), but Di

Darken does not contain cross-correlation
terms that are incorporated in Di

Manning. The results of test
(2) show that Di

Darken and Di
Manning are very accurate for the

conditions and temperatures examined and generally repro-
duce the exact simulations within numerical errors. The
comparable accuracy of the Darken and Manning approx-
imations indicates that the cross-correlation terms omitted
by the Darken approximation are small.

Test (3) compared the kMC and MC determined Di’s
with the concentration-dependent Di

Darken and Di
Manning

calculated by applying the Darken and Manning approxi-
mations using dilute tracer diffusion coefficients Di*’s
determined with the dilute five-frequency formalism. It is
this test that most directly assesses what one might do to
predict Di’s at arbitrary concentration from dilute Di*’s. The
test (3) results show that the true Di’s and approximate
Di
Darken and Di

Manning are the same within the error bars of
the simulation except for the alloys having a solute-vacancy
binding energy of JBV = �30 meV, where the true DB

decreases faster than the approximate values with solute
concentration.

In test (1), the deviation from the dilute Di value for the
alloys with solute-solute interactions (i.e., nonzero JBB)
arises primarily from the concentration dependence of the
thermodynamic factor, which is captured in the Darken and
Manning approximations in tests (2) and (3). This can be
seen by comparing results from tests (1)-(3).

For the model alloys having a solute-vacancy interaction
(i.e., nonzero JBV) the intrinsic diffusion coefficients at

nondilute solute compositions exhibit only slight deviations
from their dilute values. However, there are kinetic effects
that are not fully captured by the dilute theory diffusion
coefficient. In test (3), this results in larger deviations as
concentration is increased between the numerical diffusion
coefficient, Di, and Di

Darken and Di
Manning.

Overall, our results indicate that using concentration-
dependent tracer diffusion coefficients (test (2)), correct
thermodynamic factors, and the Darken or Manning
approximation will give an error of at most approximately
factors of two (about our numerical error) for systems with
interactions of the same types and order as those investi-
gated. However, while using these approximations with
dilute theory tracer diffusion coefficients (test (3)) will
capture the thermodynamics of the system, it will not
accurately track the kinetic effects and larger errors (up to a
factor of three for our cases) will occur. While the errors
seen in our model alloys having either solute-solute or
solute-vacancy interactions are small compared to the
accuracy of the simulations, larger errors can be expected
for more strongly interacting systems. The largest error
occurs when simply using dilute diffusion coefficients to
describe nondilute alloys. In this situation neither the change
in thermodynamic effects nor the change in kinetic effects is
accounted for.

These results suggest that for a solid solution with known
average barriers and vacancy concentration, Darken and
Manning approximation-based analytic expressions and
mean-field theory can be used to give concentration-
dependent diffusion coefficients within a factor of approx-
imately three, provided the system is outside of the spinodal
region. This is due to the fact that the thermodynamic factor
is the main contribution to the concentration dependence of
diffusion constants from the factors (3)-(5) discussed in
Section 1, and that this thermodynamic factor is well
described by mean-field theory. If we assume our Hamil-
tonians are representative of more general alloys then, if
correct average hopping and vacancy energetics can be
obtained as a function of concentration, an accurate solid
solution diffusion constant can be determined from analyt-
ical expression [Darken, Manning, or possibly other
approaches (Ref 1, 24)].
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